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Abstract. In this study, we discuss one type of variational inequality problem with a fuzzy convex
cone X̃, denoted by VI(̃X, f ). Different classes of fuzzy convex cones which are considered in
different context of the problems will be discussed. According to the existence theorem, an approach
derived from the concepts of multiple objective mathematical programming problems for solving
the VI(X̃, f ) is proposed. An algorithm is developed to find its fuzzy optimal solution set with
complexity analysis.
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1. Introduction

From the literature, we know that variational inequality can be applied to many
problems, such as transportation planning, economic analysis, and so on [1–3].
Due to the vagueness involved in real world problems, variational inequality in a
fuzzy environment becomes an important problem both in theory and in practice.
Normally, a variational inequality problem is to findx∗ ∈ X such that the vector
f (x∗) must not make an obtuse angle with all feasible vectors emanating from
x∗[6, 7]. Thus, by denoting VI(X, f ), X is referred to the domain of the problem
andf can be regarded as all the decision factors that affect the result. However, in
addition to the uncertainty of the environment for a variational inequality problem
which leads to certain degrees of fuzziness in decision factors, and results in fuzzy
f̃ , there is uncertainty of the resources that induces certain degrees of fuzziness in
the domain, and results in fuzzỹX. The problem VI(X, f̃ ) has been discussed in
[9].

Therefore, in this paper we focus on the study of the variational inequality
problem with fuzzy conẽX, denoted by VI(̃X, f ). Since the domaiñX is fuzzy, the
solutions of VI(X̃, f ) is fuzzy too. WhileX̃ is considered as a fuzzy convex cone,
the concept of fuzzy set [4, 10] will be adopted to convert a VI(X̃, f ) into a crisp
form. Then the developed solution method for crisp VI [8] is used for solution.

In Section 2, we introduce basic concepts of fuzzy set. In Section 3, the prop-
erties of the fuzzy convex cone will first be discussed. In Section 4, based on the
defined VI(X̃, f ), we shall present an equivalent relationship between VI(X̃, f )
and generalized complementarity problem GCP(X̃, f ). Then, through a transfor-



396 HSIAO-FAN WANG AND HSUEH-LING LIAO

mation, a multiple objective programming model is derived to facilitate the solution
process. In Section 5, the existence theorem and solution procedure of VI(X̃, f )
are proposed. In Section 6, an algorithm for the general case is developed, with
illustrative examples. Finally, in Section 7, the observations are summarised and
conclusions are drawn.

2. Basic concepts of fuzzy set

The crisp set is defined in such a way as to dichotomize the individuals in some
given universe of discourse into two groups: members (those certainly belong to
the set) and nonmembers (those certainly not do so). But a fuzzy set is different.
Let us look at the following definition:

DEFINITION 2.1. [4] IfX is a collection of objects denoted generically byx then
a fuzzy setÃ in X is a set of ordered pairs:

Ã = {(x, µÃ(x))|x ∈ X}
whereµã : x −→ [0,1] is called the membership function or grade of membership
of x in Ã.

Therefore, in a fuzzy set, a membership function can be generalized such that
the values assigned to the elements of the universal set fall within a specified range
and indicate the membership grade of these elements in the set in question. Large
values denote higher degrees of set membership [4].

Furthermore, two operations of fuzzy sets are introduced as follows:

DEFINITION 2.2. [4] The membership functionµC̃(x) of the intersection of̃C =
Ã ∩ B̃ is pointwise defined byµC̃(x) = min{µÃ(x), µB̃(x)}, x ∈ X.

DEFINITION 2.3. [4] The membership functionµD̃(x) of the union ofD̃ = Ã∪B̃
is pointwise defined byµD̃(x) = max{µÃ(x), µB̃(x)}, x ∈ X.

3. The properties of fuzzy convex conẽX

After introduce the basic concepts of fuzzy set and its operations, we turn to
investigate the properties of fuzzy convex coneX̃.

We discover that from the causes of a fuzzyX̃, we can identify the following
four cases:

(1) X̃ = {D̃x > 0} = {(x, µX̃(x))|D̃x > 0}. That is, the fuzziness of̃X is caused
by the uncertain domaiñD.

(2) X̃ = {Dx >∼0} = {(x, µX̃(x))|Dx >∼0}: the fuzziness ofX̃ is caused by the
uncertain relation>∼ .
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(3) X̃ = {Dx > 0̃} = {(x, µX̃(x))|Dx > 0̃}: the fuzziness of̃X is caused by the
phenomenon that the vectorx “almost” makes an acute angle with every row
vector ofD represented by right hand side0̃.

(4) X̃ = {D̃x >∼ 0̃} = {(x, µX̃(x))|D̃x >∼ 0̃} or X̃ = {D̃x >∼0} = {(x, µX̃(x))|
D̃x >∼0} or X̃ = {D̃x > 0̃} = {(x, µX̃(x))|D̃x > 0̃}. The fuzziness of̃X is
caused by all uncertanties of the domainD̃, relation>∼ and the right hand side
0̃.

Now, the properties of these four definitions and their relations will be shown
by the following theorems.

THEOREM 3.1. The set ofX̃ = {D̃x > 0} is a convex cone wherẽD = [D̃ij ] =
[d̃i] is a fuzzym× n matrix withm 6= 1.

Proof. X̃ = {D̃x > 0} = {(x, µX̃(x)) : x ∈ Rn such thatµX̃(x) =
Mini{Mindix>0Supdix{Minj µD̃(Dij )}} 6= 0}. Let x̃1 = (x1, µX̃(x1)) ∈ X̃ and

x̃2 = (x2, µX̃(x2)) ∈ X̃, considerλx̃1+ (1− λ)x̃2, λ ∈ [0,1].

µX̃(λx1+ (1− λ)x2) = Min
i

{
Min

di(λx1+(1−λ)x2)>0
Sup

di (λx1+(1−λ)x2)

{µD̃(di)}
}

= Min
i

Min
dix1>0
dix2>0

Sup
di x1
di x2

{µD̃(di)}
 > Min{µX̃(x1), µX̃(x2)}

Let µ(d∗i x1) = Mindix1>0{µ(dix1)} andµ(d∗∗i x2) = Mindix2>0{µ(dix2)} for i =
1,2, . . . , m, then consider the following four conditions:
(1) Supposed∗k x1 > 0,d∗∗k x2 > 0,d∗k x2 6 0,d∗∗k x1 6 0 for somek ∈ {1,2, . . . , m},
andd∗i x1 > 0, d∗i x2 > 0, d∗∗i x1 > 0, d∗∗i x2 > 0, i 6= k. LetG1 = {x|d∗i x > 0, i 6=
k, d∗k x > 0}, G2 = {x|d∗i x > 0, i 6= k, d∗∗k x > 0}, G3 = {x|d∗∗i x > 0, i 6=
k, d∗k x > 0} andG4 = {x|d∗∗i x > 0, i 6= k, d∗∗k x > 0}. Sinced∗k x1 > 0 and
d∗∗k x1 6 0, henceG1 ⊃ G2. Sinced∗∗k x2 > 0 andd∗k x2 6 0, henceG3 ⊂ G4.
Then,x1 ∈ G1, x1 ∈ G3, x1 ∈ G4 andd∗∗k x1 > 0, a contradiction. Therefore, this
condition does not exist.
(2) Supposed∗k x1 > 0,d∗∗k x2 > 0,d∗k x2 > 0,d∗∗k x1 > 0 for somek ∈ {1,2, . . . , m}
and d∗i = d∗∗i , for all i 6= k. Sinceµ(d∗i x1) = Mindix1>0{µ(dix1)} for i =
1,2, . . . , m, µ(d∗k ) > µ(d∗∗k ). Henceµ(d∗k ) = µ(d∗∗k ).
(3) Supposed∗k x1 > 0,d∗∗k x2 > 0,d∗k x2 > 0,d∗∗k x1 6 0 for somek ∈ {1,2, . . . , m}
andd∗i = d∗∗i , for all i 6= k. Thenµ(d∗k ) > µ(d

∗∗
k ) and

Min
di(λx1+(1−λ)x2)>0

{µ(di(λx1+ (1− λ)x2))} = Min
di x1>0
di x2>0

{µ(di)} =
µ(d

∗
i )i 6= k

µ(d∗k )
.

(4) Supposed∗kl x1 > 0, d∗∗kl x2 > 0, d∗kl x2 > 0, d∗∗kl x1 > 0, d∗jl x1 > 0, d∗∗jl x1 6
0, d∗jl x2 > 0, d∗∗jl x2 > 0 for somek, j ∈ {1,2, . . . , m}, l = 1,2, . . . , l′, l′ ∈
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Figure 1.

{1,2, . . . , m} andd∗i = d∗∗i , i 6= k, i 6= j . Then

Min
di(λx1+(1−λ)x2)>0

{µ(di(λx1+ (1− λ)x2))} = Min
di x1>0
di x2>0

{µ(di)} = µ(d∗i ).

Therefore,µX̃(λx1 + (1 − λ)x2) does exist. Furthermore,̃0 ∈ X̃ and (λx1,
µX̃(λx1)) = (λx1, µX̃(x1)) ∈ X̃ for λ > 0, hence the set of̃X is a convex cone.

However, whenm = 1, D̃ is a fuzzy vector not fuzzy matrix. LetµX̃(x1) =
MinDx1>0{µ(DX1)} = µ(D1x1) andµX̃(x2) = MinDx2>0{µ(DX2)} = µ(D2x2).

SupposeD1x1 > 0, D1x2 6 0, D2x2 > 0, D2x1 6 0. Then from Figure 1,
we notice thatx1 is in part I andx2 is in part II. Therefore, we can not find a
vectorD∗, µD̃(D∗) > 0 such thatD∗x1 > 0 and D∗x2 > 0 for all x1, x2, that is,
D∗(λx1+ (1− λ)x2) > 0, λ ∈ [0,1]. Therefore, whenm = 1, X̃ is not convex.2
COROLLARY 3.1. If X̃ = {D̃x > 0}whereD̃ = [D̃ij ] is a fuzzym×nmatrix and
m 6= 1, then there exists am×nmatrixA = [Aij ] = [ai ] such thatX̃ = {Ax̃ > 0}
where the row vectorai, i = 1,2, . . . , m, is the optimal solution of the following
system.

Max
m∑

j=1,j 6=i

[(
n∑
k=1

(Aik ×Djk)

)
−
(

n∑
k=1

D2
jk

)(
n∑
k=1

A2
jk

)]
s.t. µD̃ik (Aik) > 0, k = 1,2, . . . , n

(1)

Proof.At first, we consider the set̃X′′ = {Ax̃ > 0}. Let x̃1 = (x1, µX̃(x1)) ∈ X̃′′
andx̃2 = (x2, µX̃(x2)) ∈ X̃′′. That is,A(x1, µX̃(x1)) > (0, µ1) andA(x2, µX̃(x2))

> (0, µ2). Then considerλx̃1 + (1− λ)x̃2, 0 6 λ 6 1. A(λx̃1 + (1− λ)x̃2) =
λA(x1, µX̃(x1)) + (1− λ)A(x2, µX̃(x2)) > (0,min{µ1, µ2}). Sinceλx̃1 + (1 −
λ)x̃2 ∈ X̃′′, henceX̃′′ is a convex set.̃0 = (0, µX̃(0)) ∈ X̃′′ andA(λx̃1) =
λ(Ax̃1) > (0, µ1) for λ > 0, λx̃1 ∈ X̃, thereforeX̃′′ is a convex cone.
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Since the set of all the elements ofX̃ = {D̃x > 0} is a convex cone where
D̃ = [D̃ij ] = [d̃i] is a fuzzym × n matrix andm 6= 1, there exists a crispm × n
matrixA such thatµD̃(A) 6= 0 and Ax> 0 for all x satisfyingµX̃(x) 6= 0. Let
A = [a∗i ]mi=1 = [A∗ij ] andµD̃(Dij ) = 1. Then the row vectora∗i is an optimal
solution of{Max(ai · dj/‖ai‖ ‖dj‖), j 6= i, j = 1,2, . . . , m s.t.µD̃(ai) 6= 0}, that
is, a∗i is an optimal solution of

{Maxai · dj − ‖ai ‖dj‖, j = 1,2, . . . , m s.t. µD̃(ai) > 0}

=
{

Max

[(
n∑
k=1

(Aik ·Djk)

)
−
(

n∑
k=1

D2
jk

)(
n∑
k=1

A2
jk

)]
,

j = 1, . . . , m, j 6= i
s.t. µD̃(Aik) > 0, k = 1, . . . , n

}
=
{

Max
m∑

j=1,j 6=i

[(
n∑
k=1

(Aik ·Djk)

)
−
(

n∑
k=1

D2
jk

)(
n∑
k=1

A2
jk

)]
,

s.t. µD̃(Aik) > 0, k = 1, . . . , n

}
2

REMARK.

X̃ = {D̃x > 0} = {(x, µD̃(x)) : (D,µD̃(x))x > (0, µ), 06 µ 6 1}

=
{
(x, µX̃(x)) : Ax > 0, µX̃(x) = Min

i

{
Min
dix>0

Sup
dix

{
Min
j
µD̃(Dij )

}}}
.

THEOREM 3.2.

X̃ = {Dx >∼0} = {Dx > 0̃} =
{
(x, µX̃(x)) : Dx > p, p 6 0,

µX̃(x) = Min
i
{µi(x)}, whereµi(x) =


0 if dix 6 pi
1− dix/pi if 0> dix > pi

1 if dix > 0

}

Proof.By the definition. 2
COROLLARY 3.2. SupposeX̃ = {DX>∼0} or X̃ = {Dx > 0̃}, then (a) if there
exists a pointx0 such thatDx0 = p wherep is the tolerance forDx >∼0 orDx > 0̃,
thenX̃ is a convex cone with respect to the pointx0; otherwise (b)X̃ is an convex
set but not a cone.
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Proof.From theorem 3.2,

X̃ = {Dx >∼0} = {Dx > 0̃} =
{
(x, µX̃(x)) : Dx > p, p 6 0,

µX̃(x) = Min
i
{µi(x)}, whereµi(x) =


0 if dix 6 pi
1− dix/pi if 0 > dix > pi

1 if dix > 0

}
.

Hence, the set of all the elements ofX̃ is a convex set. But, if there exists a point
x0 such thatDx0 = p, thenD(x− x0) > 0.Therefore the set of̃X is a convex cone
with respect to the pointx0. 2
THEOREM 3.3. Let X̃ = {D̃x >∼0} = {D̃x > p, p 6 0} whereD̃ = [D̃ij ] is a
fuzzym × n matrix. If there exists a pointx0 such thatD̃x0 = (p,µ),0 6 µ 6 1
then the set of all the elements ofX̃ is a convex cone with respect tox0.

Proof.SinceD̃x > p, p 6 0 andD̃x0 = (p,µ),06 µ 6 1, X̃ = {D̃(x−x0) >
0} and the set of all the elements ofX̃ is a convex cone with respect tox0, then,
from Corollary 3.1,X̃ = {A(x̃ − x0) > 0}.

REMARK.

X̃ = {D̃x >∼ 0̃} = {D̃x >∼0} = {D̃x > 0̃} (since{Dx >∼0} = {Dx > 0̃})
= {D̃x > p, p 6 0}
= {(x, µD̃(x)) : (D,µD̃(x))x > (p,µ), 06 µ 6 1}
=
{
(x, µX̃(x)) : A(x − x0) > 0,

µX̃(x) = Min
i

{
Min
dix>pi

Sup
dix

Min

{
Min
j
µD̃(Dij ), µi(x)

}}

whereµi(x) =


0 if dix 6 pi
1− dix/pi if 0 > dix > pi

1 if dix > 0

}
.

Since from corollary 3.2, classes (2) and (3) have similar properties, therefore
based on the developed solution method for crisp VI under a convex cone [4], in
the following we consider the solutions of VI(X̃, f ) with convex coneX̃ in three
existing cases: (1)̃X1 = {D̃x > 0}; (2) X̃2 = {Dx >∼0} or X̃2 = {Dx > 0̃} in
Corollary 3.2(a); and (3)̃X3 = {D̃x >∼ 0̃} in Theorem 3.3. (1) is a convex cone with
respect to the origin, but (2) and (3) are convex cone with respect to some point
that is not the origin. Therefore, we can define a general form to represent these
three conditions as:̃X = {D′x̃ > b} = {(x, µX̃(x))|D′x̃ > b ∀x̃ ∈ X̃,D′x0 = b
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for x̃0 = (x0,1) ∈ X̃}. Hence, ifX̃ = X̃1 thenD′ = A, b = 0 andx0 = 0 whereA
is defined in Corollary 3.1; if̃X = X̃2 thenD′ = D, b = p andx0 6= 0; if X̃ = X̃3

thenD′ = A, b = p andx0 6= 0.

4. Problem formulations

A variational inequality problems with fuzzỹX is to find x̃∗ ∈ X̃ such that

(VI(X̃,f)) 〈f (x̃∗), x̃ − x̃∗〉 > (0, µ), 06 µ 6 1, for all x̃ ∈ X̃ (2)

That is, inX̃, a vectorx∗ has the degree of membershipµX̃(x
∗), which satisfies

that 〈f (x∗), x − x∗〉 > 0, for all x ∈ X to some degreeµ, 0 6 µ 6 1. Hence, to
some degreeµX̃(x

∗), x∗ is an optimal solution and denoted by (x∗, µX̃(x∗)). Thus,
the optimal solution set is a fuzzy set.

Consider a generalized complementarity problem (GCP) with fuzzy domain as
follows:

(GCP(X̃, f ))

Forf ((x∗, µX̃(x
∗))) ∈ X̃⊥,

〈f ((x∗, µX̃(x∗))), (x∗, µX̃(x∗))〉 = (0, µ),0 6 µ 6 1,

whereX̃⊥ = {(z, µz̃(z)) : 〈(z, µz̃(z)), (x, µX̃(x))〉 > (0, µ) for all

(x, µX̃(x)) ∈ X̃}

(3)

we have the following results.

THEOREM 4.1. VI(X̃, f )=GCP(X̃, f ), when the set of all the elements ofX̃ is a
convex cone.

Proof.First, we show that VI(̃X, f ) ⊂ GCP(X̃, f ). Suppose that(x∗, µX̃(x∗))
is an optimal solution of VI(X̃, f ). Then, whenx = 0, we have〈f ((x∗, µX̃(x∗))),
(x∗, µX̃(x∗))〉 6 (0, µ),0 6 µ 6 1. Let (x, µX̃(x)) = λ(x∗, µX̃(x∗)) with
λ > 1, we see that〈f ((x∗, µX̃(x∗))), (x∗, µX̃(x∗))〉 > (0, µ). Therefore,〈f ((x∗,
µX̃(x

∗))), (x∗, µX̃(x∗))〉 = (0, µ). Assumef ((x∗, µX̃(x∗))) 6∈ X̃⊥, then there
exist(x′, µX̃(x′)) ∈ X̃ such that〈f ((x∗, µX̃(x∗))), (x′, µX̃(x′))〉 < (0, µ). But ac-
cording to (2),〈f ((x∗, µX̃(x∗))), (x′µX̃(x′))〉 > 〈f ((x∗, µX̃(x∗))), x∗〉 = (0, µ).
There lies a contradiction. Hence,(x∗, µX̃(x∗)) is also an optimal solution of
GCP(X̃, f ). Conversely, suppose(x∗µX̃(x∗)) is also an optimal solution of
GCP(X̃, f ), then〈f ((x∗, µX̃(x∗))), (x, µX̃(x))〉 > (0, µ) for all (x, µX̃(x)) ∈ X̃
and〈f ((x∗, µX̃(x∗))), (x, µX̃(x))−(x∗, µX̃(x∗))〉 > (0, µ). Hence, GCP(X̃, f ) ⊂
VI(X̃, f ). Therefore, VI(X̃, f ) = GCP(X̃, f ) whenX̃ is a convex cone. 2

Theorem 4.1 states an equivalence between a fuzzy generalized complementar-
ity problem (GCP) and a fuzzy variational inequality problem (VI) over a fuzzy
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convex cone. Since the concepts of multiple objective programming (MOP) have
been employed to solve a generalized complementarity problem [8], we shall show
that the analogous approach can be extented to fuzzy cases by formulating a
GCP(X̃, f ) in the form of fuzzy MOP.

Fuzzy-MOP(X̃, f )

Minimize [ỹ1x̃1, ỹ2x̃2, . . . , ỹnx̃n]T
subject to(x, µX̃(x)) ∈ X̃

f ((x∗, µX̃(x
∗))) ∈ X̃⊥

ỹ = (ỹ1, ỹ2, . . . , ỹn)
T = f ((x, µX̃(x)))

(4)

THEOREM 4.2. Let X̃eff denote the set of all efficient solutions of aFuzzy-
MOP(X̃, f ) defined in (4). Then the pointx∗ = (x∗1, x

∗
2, . . . , x

∗
n)

T with some
µX̃(x

∗) belonging toX̃eff is a solution of theFuzzy-MOP(X̃, f ) such thatỹ∗1 x̃
∗
1 +

ỹ∗2 x̃
∗
2 + · · · + ỹ∗n x̃∗n = (0, µ),0 6 µ 6 1, if and only if (x∗, µX̃(x∗)) is a solution

of GCP(X̃, f ).
Proof.Suppose that (i)(x∗, µX̃(x∗)) ∈ X̃eff and (ii) ỹ∗1 x̃

∗
1+ ỹ∗2 x̃∗2+· · ·+ ỹ∗n x̃∗n =

(0, µ),0 6 µ 6 1. According to (i),(x∗, µX̃(x∗)) ∈ X̃ andf ((x∗, µX̃(x∗))) ∈
X̃⊥. By (ii), x∗ with µX̃(x

∗) such that〈f ((x∗, µX̃(x∗))), (x∗, µX̃(x∗))〉 = (0, µ),
0 6 µ 6 1. Then(x∗, µX̃(x∗)) is an optimal solution of GCP(̃X, f ). Conversely,
suppose that(x∗, µX̃(x∗)) is an optimal solution of GCP(̃X, f ), then, according to
definition of GCP(̃X, f ), (x∗, µX̃(x∗)) ∈ X̃eff and ỹ∗1 x̃

∗
1 + ỹ∗2 x̃∗2 + · · · + ỹ∗n x̃∗n =

(0, µ),0 6 µ 6 1. 2
By the above theorem, we know the relation between GCP(X̃, f ) and fuzzy

MOP. Now, we connect two types of̃X defined in the previous section, into a fuzzy
MOP model. Then, the model is transformed into a single objective programming
model for ease of solutions.

THEOREM 4.3. ConsiderX̃ = {D′x̃ > b} with a pointx0 which satisfiesD′x0 =
b. Then the point(x∗, µX̃(x∗)) ∈ X̃eff is a solution of theFuzzy-MOP(X̃, f )
such thatỹ∗1 x̃

∗
1 + ỹ∗2 x̃∗2 + · · · + ỹ∗n x̃∗n = (0, µ), 0 6 µ 6 1, if and only if

(s∗, µX̃(s∗ + x0)) = (x∗ − x0, µX̃(x
∗)) is a solution of model (5) defined below

such that(ν, µ′)TD′(s∗, µX̃(s∗ + x0)) = (0, µ), 06 µ 6 1.

(GCP′(X̃, f ))
Minimize (ν, µ′)TD′(s, µX̃(s + x0))

subject toD′(s, µX̃(s + x0)) > (0, µ′′)
f ((s + x0, µX̃(s + x0))) = D ′T(ν, µ′)
(ν, µ′) > (0, µ′)
06 µ′ 6 1, 06 µ′′ 6 1.

(5)



VARIATIONAL INEQUALITY WITH FUZZY CONVEX CONE 403

Proof. SinceX̃ = {D′x̃ > b} satisfies that there exists a pointx0 such that
D′x0 = b, X̃ is a convex cone with respect to the pointx0. If we translateX̃
to the origin s̃ = (s, µX̃′(s)) = (x − x0, µX̃(x)), then we have a convex cone
X̃′ = {D′s̃ > 0}. Then,(x∗, µX̃(x∗)) = (s∗ + x0, µX̃′(s

∗)), where(x∗, µX̃(x∗))
is the optimal solution of VI(X̃, f ), and(s∗ + x0, µX̃′(s

∗)) is the optimal solution
of VI(X̃′, f ′) with f ′(s) = f (s + x0). That is,µX̃′(s

∗) = µX̃(s∗ + x0). And then,
the equivalent GCP(X̃′, f ′)(3) can be transformed into Fuzzy-MOP(X̃′, f ′). Now,
D′(s∗, µX̃(s∗+x0)) > 0, 〈f ((s∗+x0, µX̃(s

∗+x0))), (s, µX̃(s+x0))〉 > (0, µ) for
all s̃ ∈ X̃′, hence there exists some(ν, µ′) > (0, µ′) such thatf ((s∗ +x0, µX̃(s

∗ +
x0))) = D

′T(ν, µ′). Therefore, whenX̃ = {D′x̃ > b} with a point x0 which
satisfiesD′x0 = b, the Fuzzy-MOP(X̃, f ) can be transformed into GCP′(X̃, f ).2
COROLLARY 4.1. Let X̃ = {D′x̃ > b} with a pointx0 which satisfiesD′x0 = b.
Then(s∗, µX̃(s∗ + x0)) = (x∗ − x0, µX̃(x

∗)) is a solution of model (5) such that
(ν, µ′)TD′(s∗, µX̃(s∗ + x0)) = (0, µ),0 6 µ 6 1, if and only if(x∗, µX̃(x∗)) is a
solution ofGCP(X̃, f ).

REMARK. (1) If D′ = A, b = 0 andx0 = 0 whereA is defined in Corollary
3.1, then GCP′(X̃, f ) is equivalent to GCP(̃X1, f ) and VI(X̃1, f ); (2) If D′ = D,
b = p andx0 = 0, then GCP′(X̃, f ) is equivalent to GCP(̃X2, f ) and VI(X̃2, f );
(3) If D′ = A, b = p and x0 6= 0 whereA is defined as Corollary 3.1, then
GCP′(X̃, f ) is equivalent to GCP(̃X3, f ) and VI(X̃3, f ).

5. Solutions

From the previous section, we know the relation between GCP(X̃, f ) and MOP un-
der two types of fuzzy convex cone. Next, we apply the reformulated GCP′(X̃, f )
to solve GCP(̃X, f ) and VI(X̃, f ).

THEOREM 5.1. Let X̃{D′x̃ > b} with a pointx0 satisfyD′x0 = b, (s∗, µX̃(s∗ +
x0)) is an optimal solution of GCP′(X̃, f ) such that(ν, µ′)TD′(s∗, µX̃(s∗+x0)) =
(0, µ), for someµ ∈ [0,1]. Then,
(i) (s∗, µX̃(s∗ + x0)) = (0, µX̃(x0)) if and only iff ((x0, µX̃(x0))) = D ′T(ν, µ′),
(ν, µ′) > (0, µ′); or,
(ii) s∗ 6= 0, f ((s∗ + x0, µX̃(s

∗ + x0))) = (0, µX̃(f (x
∗))) if and only ifD′(s∗,

µX̃(s
∗ + x0)) > (0, µ′′),D′(s∗, µX̃(s∗ + x0)) 6= (0, µ′′), 06 µ′′ 6 1; or

(iii) s∗ 6= 0, f ((s∗ + x0, µX̃(s
∗ + x0))) 6= (0, µF̃ (f (x∗))) if and only if (1) there

exists ak ∈ {1,2, . . . , m} such thatd ′k(s∗, µX̃(s∗ +x0)) = (0, µk), d ′i (s∗, µX̃(s∗ +
x0)) > (0, µi), µk, µi ∈ [0,1], for all i = 1,2, . . . , m, i 6= k, whered ′i ’s are row
vectors ofD′, and there exists al > 0, l ∈ R, such thatf ((s∗+x0, µX̃(s

∗+x0))) =
(l · d ′k, µF̃ (f (x∗))); or (2) if m > 2, n > 2, there existk1 and k2, k1 6= k2 and
k1, k2 ∈ {1,2, . . . , m} such thatd ′k1

(s∗, µX̃(s∗ + x0)) = (0, µk1), d
′
k2
(s∗, µX̃(s∗ +
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x0)) = (0, µk2), d
′
i (s
∗, µX̃(s∗ + x0)) > (0, µi) for all i = 1,2, . . . , m, i 6= k1, k2,

and there exist somel1 > 0 and l2 > 0, l1, l2 ∈ R, such thatf ((s∗ + x0, µX̃(s
∗ +

x0))) = ((l1d ′k1
+ l2d ′k2

), µF̃ (f (x
∗))).

Proof.Suppose(s∗, µX̃(s∗+x0)) is an optimal solution of GCP′(X, f̃ ) such that
(ν, µ′)TD′(s∗, µX̃(s∗ + x0)) = (0, µ), for someµ ∈ (0,1]. Let ỹ = D ′T(ν, µ′) for
someµ′, thenỹT(s∗, µX̃(s∗ + x0)) = (0, µ). So the optimal solution can be found
when(s∗, µX̃(s∗ + x0)) = (0, µX̃(x

∗)) ỹ = (0, µF̃ (f (s
∗ + x0))) or s∗ 6= 0 and

ỹ 6= (0, µF̃ (f (s∗ + x0))) whereỹ is normal to(s∗, µX̃(s∗ + x0)).
(i) (s∗, µX̃(s∗ + x0)) = (0, µX̃(x0)) then f ((x0, µX̃(x0))) = D

′T(ν, µ′) and
(ν, µ′) > (0, µ′). Hence, ifD

′−1 exists, thenf ((x0, µX̃(x0)))
TD

′−1 > (0, µ′)T.
(ii) s∗ 6= 0 andỹ = (0, µF̃ (f (x∗))), thenD

′T(ν, µ′) = (0, µF̃ (f (x∗))), (ν, µ′) =
(0, µ′). Since(s∗, µX̃(s∗+x0))) is optimal to (5) ands∗ 6= 0,D′(s∗, µX̃(s∗+x0)) >
(0, µ′′),D′(s∗, µX̃(s∗ + x0)) 6= (0, µ′′).
(iii) s∗ 6= 0, andỹ 6= (0, µF̃ (f (x

∗))) and ỹ is normal to(s∗, µX̃(s∗ + x0)), then
(ν, µ′) > (0, µ′), D′(s∗, µX̃(s∗ + x0)) > (0, µ′′) and (ν, µ′)TD′(s∗, µX̃(s∗ +
x0)) = (0, µ). Supposed ′i (s

∗, µX̃(s∗ + x0)) > (0, µt ) for all i = 1,2, . . . , m and
let (ν, µ′)T = ((ν1, µ

′
1), (ν2, µ

′
2), . . . , (νm, µ

′
m)). (ν, µ

′)TD′(s∗, µX̃(s∗ + x0)) =
((ν1d

′
1s
∗ + ν2d

′
2s
∗ + · · · + νmd ′ms∗, µ) = (0, µ) and ν 6= 0, then νj < 0 for

somej ; this is a contradiction. Sincex∗ − x0 6= 0 andX̃ is a convex cone, hence
(1) there exists ak ∈ {1,2, . . . , m} such thatd ′k(s

∗, µX̃(s∗ + x0)) = (0, µk),
d ′i (s

∗, µX̃(s∗ + x0)) > (0, µi), µk,µi ∈ [0,1] for all i = 1,2, . . . , m, i 6= k or (2)
if m > 2,n > 2, there existk1 andk2, k1 6= k2 andk1, k2 ∈ {1,2, . . . , m} such that
d ′k1
(s∗, µX̃(s∗ + x0)) = (0, µk1), d

′
k2
(s∗, µX̃(s∗ + x0)) = (0, µk2), d

′
i (s
∗, µX̃(s∗ +

x0)) = (0, µi), for all i = 1,2, . . . , m, i 6= k1, k2. Therefore, from (1),(ν, µ′)T
D′(s∗, µX̃(s∗ + x0)) = ((ν1d

′
1s
∗ + ν2d

′
2s
∗ + · · · νk · 0 + · · · + νmd

′
ms
∗), µ)

= (0, µ), ν, µ)T = ((0, . . . ,0, l,0, . . . ,0), µ′), l > 0 is thekth element ofν, and
f ((s∗ + x0, µX̃(s

∗ + x0))) = (l · d ′k, µF̃ (f (x∗))).
Conversely,

(a) If f ((x0, µX̃(x0))) = D
′T(ν, µ′) and(ν, µ′) > (0, µ′) for someµ′, consider

the points∗ = 0.D′(s∗, µX̃(s∗ + x0)) = (0, µ′′), hence(x0, µX̃(x0)) is an optimal
solution, and(ν, µ′)TD′(s∗, µX̃(s∗ + x0)) = (0, µ), for someµ ∈ [0,1].
(b) If D′(s∗, µX̃(s∗ + x0)) > (0, µ′′), D′(s∗, µX̃(s∗ + x0)) 6= (0, µ′′) and
(s∗, µX̃(s∗ + x0)) is an optimal solution such that(ν, µ′)TD′(s∗, µX̃(s∗ + x0))

= (0, µ), µ ∈ [0,1], then(ν, µ′) = (0, µ′). Hence,f ((s∗ + x0, µX̃(s
∗ + x0)))

= D ′T(ν, µ′) = (0, µF̃ (f (x∗))).
(c) (1) Suppose there exists ak ∈ {1,2, . . . , m} such thatd ′k(s

∗, µX̃(s∗ + x0)) =
(0, µk), d ′i (s

∗, µX̃(s∗ + x0)) > (0, µt ), µk, µi ∈ [0,1] for all i = 1,2, . . . , m, i 6=
k, whered ′i ’s are row vectors ofD′, andf ((s∗ + x0, µX̃(s

∗ + x0))) = (l · d ′k ,
µF̃ (f (x

∗))), l > 0, l ∈ R. Then x∗ 6= 0 and ỹ 6= (0, µF̃ (f (x
∗))),

D′(s∗, µX̃(s∗ + x0)) = ((d ′1s
∗, . . . , d ′k−1s

∗,0, d ′k+1s
∗, . . . , d ′m(s∗)T, µ′′) > 0,

f ((s∗ + x0, µX̃(s
∗ + x0))) = D ′T(ν, µ′) = (l · d ′k, µF̃ (f (x∗))), hence(ν, µ′)T =

((0, . . . ,0, l1,0, . . . ,0, l2,0, . . . ,0), µ′) > (0, µ′), (ν, µ′)TD′(s∗, µX̃(s∗+x0)) =



VARIATIONAL INEQUALITY WITH FUZZY CONVEX CONE 405

((ν1d
′
1s
∗+ν2d

′
2s
∗+· · ·+vk ·0+· · ·+vmd ′ms∗),µ) = (0, µ). Hence,(s∗, µX̃(s∗+x0))

is an optimal solution.
(2) If m > 2, n > 2, suppose there existk1 and k2, k1 6= k2 and k1, k2 ∈

{1,2, . . . , m} such thatd ′k1
(s∗, µX̃(s∗ + x0)) = (0, µk1), d

′
k2
(s∗, µX̃(s∗ + x0)) =

(0, µk2), d
′
i (s
∗, µX̃(s∗+x0)) > (0, µi) for all i = 1,2, . . . , m, i 6= k1, k2, and there

exist l1, l2 > 0, l1, l2 ∈ R, such thatf ((s∗ + x0, µX̃(s
∗ + x0))) = ((l1d ′k1

+ l2d ′k2
),

µF̃ (f (x
∗))). Then s∗ 6= 0 and ỹ 6= (0, µF̃ (f (x

∗))), D′(s∗, µX̃(s∗ + x0)) =
((d1s

∗, . . . , dk1−1s
∗,0, dk1+1s

∗), . . . , dk2−1s
∗, dk2+1s

∗, . . . , dms∗), µ′′) > (0, µ′′),
f ((s∗, µX̃(s∗ +x0))) = D ′T(ν, µ′) = (l1d ′k1

+ l2d ′k2
,µF̃ (f (x

∗))), hence(ν, µ′)T =
((0, . . . ,
0, l,0, . . . ,0), µ′) > (0, µ′), (ν, µ′)TD′(s∗, µX̃(s∗+x0)) = (ν1d

′
1s
∗+· · ·+νk1 ·0+· · · +

νk2 ·0+· · ·+νmd ′ms∗, µ) = (0, µ).Hence,s∗, µX̃(s∗+x0)) is an optimal solution.2
COROLLARY 5.1. Let X̃ = {D′x > b} with a pointx0 satisfyingD′x0 = b. If
(x∗, µX̃(x∗)) solves GCP(̃X, f ) and(s∗, µX̃(s∗ + x0)) = (x∗ − x0, µX̃(x

∗)), then
(i) s∗, µX̃(s∗ + x0)) = (0, µX̃(0)) if and only if f ((x0, µX̃(x0))) = D

′T(ν, µ′),
(ν, µ′) > (0, µ′); or,
(ii) s∗ 6= 0, f ((s∗ + x0, µX̃(s

∗ + x0))) = (0, µF̃ (f (x
∗))), if and only ifD′(s∗,

µX̃(s
∗ + x0)) > (0, µ′′),D′(s∗, µX̃(s∗ + x0)) 6= (0, µ′′), 06 µ′′ 6 1; or,

(iii) s∗ 6= 0, f ((s∗ + x0, µX̃(s
∗ + x0))) 6= (0, µF̃ (f (x∗))), if and only if (1) there

exists ak ∈ {1,2, . . . , m} such thatd ′k(s
∗, µX̃(s∗ +x0)) = (0, µk), d ′i (s∗, µX̃(s∗ +

x0)) > (0, µi), µk, µi ∈ [0,1], for all i = 1,2, . . . , m, i 6= k, whered ′i ’s are row
vectors ofD′, and there exists al > 0, l ∈ R, such thatf ((s∗+x0, µX̃(s

∗+x0))) =
(l · d ′k, µF̃ (f (x∗))); or (2) if m > 2, n > 2, there existk1 andk2, k1 6= k2 andk1,
k2 ∈ {1,2, . . . , m} such thatd ′k1

(s∗, µX̃(s∗ + x0)) = (0, µk1), d
′
k2
(s∗, µX̃(s∗ +

x0)) = (0, µk1), d
′
i (s
∗, µX̃(s∗ + x0)) = (0, µi) for all i = 1,2, . . . , m, i 6= k1, k2,

and there exist somel1 > 0 and l2 > 0, l1, l2 ∈ R, such thatf ((s∗ + x0, µX̃(s
∗ +

x0))) = ((l1d ′k1
+ l2d ′k2

), µF̃ (f (x
∗))).

COROLLARY 5.2. ConsiderX̃ = {D′x > b} with a point x0 which satisfies
D′x0 = b. If (x∗, µX̃(x∗)) solves VI(̃X, f ) (Equation (2)) and(s∗.µX̃(s∗ + x0)) =
(x∗ − x0, µX̃(x

∗)), then
(i) s∗, µX̃(s∗ + x0)) = (0, µX̃(0)) if and only if f ((x0, µX̃(x0))) = D

′T(ν, µ′),
(ν, µ′) > (0, µ′); or,
(ii) s∗ 6= 0, f ((s∗ + x0, µX̃(s

∗ + x0))) = (0, µF̃ (f (x
∗))), if and only ifD′(s∗,

µX̃(s
∗ + x0)) > (0, µ′′),D′(s∗, µX̃(s∗ + x0)) 6= (0, µ′′), 06 µ′′ 6 1; or,

(iii) s∗ 6= 0, f ((s∗ + x0, µX̃(s
∗ + x0))) 6= (0, µF̃ (f (x∗))), if and only if (1) there

exists ak ∈ {1,2, . . . , m} such thatd ′k(s∗, µX̃(s∗ +x0)) = (0, µk), d ′i (s∗, µX̃(s∗ +
x0)) > (0, µi), µk, µi ∈ [0,1], for all i = 1,2, . . . , m, i 6= k, whered ′i ’s are row
vectors ofD′, and there exists al > 0, l ∈ R, such thatf ((s∗+x0, µX̃(s

∗+x0))) =
(l · d ′k, µF̃ (f (x∗))); or (2) if m > 2, n > 2, there existk1 andk2, k1 6= k2 andk1,
k2 ∈ {1,2, . . . , m} such thatd ′k1

(s∗, µX̃(s∗ + x0)) = (0, µk1), d
′
k2
(s∗, µX̃(s∗ +
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x0)) = (0, µk1), d
′
i (s
∗, µX̃(s∗ + x0)) = (0, µi) for all i = 1,2, . . . , m, i 6= k1, k2,

and there exist somel1 > 0 and l2 > 0, l1, l2 ∈ R, such thatf ((s∗ + x0, µX̃(s
∗ +

x0))) = ((l1d ′k1
+ l2d ′k2

), µF̃ (f (x
∗))).

REMARK. (1) Let X̃1 = {D̃x > 0}. If (x∗, µX̃(x∗)) solves VI(X̃1, f ), then the
solution satisfies Corollary 5.2 withD′ = A, b = 0 and x0 = 0 whereA is defined
as Corollary 3.1; (2) Let̃X2 = {Dx >∼0} or X̃2 = {Dx > 0̃} which satisfies Corol-
lary 3.2(a). If(x∗, µX̃(x∗)) solves VI(X̃2, f ), then the solution satisfies Corollary
5.2 withD′ = D, b = p andx0 = 0; (3) Let X̃3 = {D̃x >∼ 0̃} which satisfies
Theorem 3.3. Ifx∗, µX̃(x∗)) solves VI(X̃1, f ), then the solution satisfies Corollary
5.2 withD′ = A, b = p andx0 = 0 whereA is defined as Corollary 3.1.

6. Algorithm and examples

Based on the theorems developed in the previous section, in this section, we pro-
posed an algorithm for solving VI(X̃, f ).

Algorithm for VI( X̃, f ):

Step 0. LetX̃∗ = ∅ be the optimal solution set of the VI(X̃, f )
Step 1.

Step 1.1. IfX̃1 = {D̃x > 0}, then solve the nonlinear system (1) by GINO[5]
to obtain the optimal solutiona∗i for i = 1,2, . . . , m. Then letD′ =
A = [a∗i ], b = 0 andx0 = 0.

Step 1.2. IfX̃2 = {Dx >∼0} or X̃2 = {Dx > 0̃} satisfies the Corollary 3.2(a),
then letD′ = D, b = p and solveDx0 = p.

Step 1.3. IfX̃3 = {D̃x >∼ 0̃} which satisfies Theorem 3.3, then solve the non-
linear system (1) by GINO[5] and get the optimal solutiona∗i for
i = 1,2, . . . , m. Then letD′ = A = [a∗i ], b = p and solveAx0 = p.

Step 2. IfD′ is a rectangular matrix, then solve the following system.

f ((x0, µX̃(x0))) = D ′T(ν, µ′). (6)

If (ν, µ′) > (0, µ′) for someµ′, then(x0, µX̃(0)) ∈ X̃∗; otherwise, com-
putef ((x0, µX̃(x0)))

TD
′−1. If ((x0, µX̃(x0)))

TD
′−1 > (0, µ′) for someµ′,

then(x0, µX̃(x0)) ∈ X̃∗.
Step 3. Solve the following system:f ((s + x0, µX̃(s + x0))) = (0, µF̃ (f (s + x0)))

D′(s, µX̃(s + x0)) > (0, µ′′),D′(s, µX̃(s + x0)) 6= (0, µ′′)
;

(7)

And then the solution(s∗ + x0, µX̃(s
∗ + x0)) ∈ X̃∗.
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Step 4.

Step 4.1. Letk = 1.
Step 4.2. Letd ′k(s, µX̃(s+x0)) = (0, µk), d ′i (s, µX̃(s+x0)) > (0, µt ),µk,µi ∈

[0,1] for all i = 1,2, . . . , m, i 6= k, wheredi ’s are row vectors ofD′,
andl > 0

Step 4.3. Solve the following system to obtain the solution(s∗, µX̃(s∗ + x0)).

d ′k(s, µX̃(s + x0)) = (0, µk)
d ′i (s, µX̃(s + x0)) > (0, µt ) i 6= k (8)

f ((s + x0, µX̃(s + x0)) = (l · d ′k, µF̃ (f (x∗)))
Then,(s∗ + x0, µX̃(s

∗ + x0)) ∈ µ∗X̃.
Step 4.4. Ifk < m, let k = k + 1, go back to Step 3.2; otherwise, ifn > 2 and

m > 2, go to Step 4; else go to Step 5.

Step 5.

Step 5.1. Letk1 = 1, k2 = 2.
Step 5.2. Solve the following system (9), and let the solution set of (9) beX̃′. If

X′ is not empty, solve the system (10) and find the solution(s∗, µX̃(s∗+
x0)).

d ′k1
(s, µX̃(s + x0)) = (0, µk1)

d ′k2
(s, µX̃(s + x0)) = (0, µk2)

d ′i (s, µX̃(s + x0)) > (0, µi), i 6= k1, k2, i ∈ {1, . . . , m}
(9)


(s, µX̃(s + x0)) ∈ µ′X̃
f ((s + x0, µX̃(s + x0))) = (l1d ′k1

+ l2d ′k2
, µF̃ (f (x)))

l1 > 0, l2 > 0

(10)

Then(s∗ + x0, µX̃(s
∗ + x0)) ∈ X̃∗.

Step 5.3. Ifk2 6= m, thenk2 = k2 + 1 and go to Step 4.2. Ifk2 = m and
k1 < m−1, letk1 = k1+ 1, k2 = k1+ 1 and go to Step 4.2. Ifk2 = m
andk1 = m− 1, then go to Step 5.

Step 6. Output the optimal solution setX̃∗, then STOP.

In this proposed algorithm, we obtain the optimal solutions of the VI(X̃, f ) by
solving the fuzzy systems described by (6)–(8), (10). Therefore, the main computa-
tion effort and complexity of the proposed algorithm for linear case can be referred
to Table 1. Whenf̃ is nonlinear, the nonlinear system (7), (8), (10) can be rewritten
as a nonlinear programming model and solved by GINO[5]. Now, we demonstrate
the proposed method by some examples of VI(X̃, f ) below which are with respect
to X̃ = {D̃x > 0} (Example 6.1),X̃ = {Dx >∼0} (Example 6.2) and̃X = {D̃x >∼ 0̃}
(Example 6.3).
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Table 1. The computation complexity of the proposed algorithm for linear case

Step Condition Computation Complexity

Step 1 X̃ = {D̃x > 0} solvem times O(n3)

Max
∑m
j=1,j 6=i

[(∑n
k=1(AikDjk)

)− (∑n
k=1 D

2
jk

) (∑n
k=1 A

2
jk

)]
s.t. µ

D̃ik
(Aik ) > 0, k = 1,2, . . . , n

by GINO

Step 1 X̃ = {Dx>∼ 0} solveDx = p O(n3)

Step 1 X̃ = {D̃x>∼ 0} solvem times O(n3)

Max
∑m
j=1,j 6=i

[(∑n
k=1(AikDjk)

)− (∑n
k=1 D

2
jk

) (∑n
k=1 A

2
jk

)]
s.t. µ

D̃ik
(Aik ) > 0, k = 1,2, . . . , n

and solveDx = p
Step 2 D−1 exists,m = n computeD−1, f (x̃0)

TD−1 O(n3)

Step 2 D ∈ Rm×n,m 6= n solvef (x̃0) = DTν O(mn2), n > m+ 1

O(n3), n = m+ 1

O
((

m+1
n

)
n3
)
,

n < m+ 1

Step 3 solve

f ((s + x0, µX̃(s + x0))) = (0, µ′′)
Ds̃ > 0,Ds̃ 6= 0

O((n+m)3)

Step 4 solvem times


dk s̃ = 0

di s̃ > 0, i 6= k
f̃ ((s + x0, µX̃(s + x0))) = (l · dk, µ)

O(n3m), n > m

O(m4), n < m

O(n4), n = m

Step 5 solvem times


dk1 s̃ = 0, dk2 s̃ = 0

di s̃ > 0, i 6= k1, k2
f ((s + x0, µX̃(s + x0))) = (l1dk1 + l2dk2, µ)

O(n3m), n > m

O(m4), n < m

O(n4), n = m
Total D−1 exists,m = n O(n4)

D ∈ Rm×n,m 6= n O(n3m), n > m+ 1

O
((

m+1
n

)
n3 +m4

)
, n < m+ 1
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EXAMPLE 6.1. LetX̃ = {x̃ : 5̃x1 + 1̃2x2 − 7̃x3 > 0,−4̃x1 + 3̃x2 − 5̃x3 > 0,
1̃0x1+ 2̃x2+ 8̃x3 > 0,−2̃x1+ 5̃x2+ 5̃x3 > 0, x = (x1, x2, x3) ∈ R3} and

f (x) =
2x1 + 5x3

1 − x2 + 2x3 − 4
−5x1 + x2 + x3

2 + 5
3x1 − 2x2 + 2x3 − 1

 , solve this VI(X̃, f ).

D̃ =


5̃ 1̃2 −7̃
−4̃ 3̃ −5̃
1̃0 2̃ 8̃
−2̃ 5̃ 5̃

 =


(4,6,1,2) (10,13,1,1) (−8,−5,1,2)
(−5,−2,1,1) (2,5,2,2) (−4,−3,1,1)
(8,11,2,1) (1,3,1,1) (6,9,1,1)
(−3,−1,1,1) (4,7,1,1) (4,6,2,1)


where the fuzzy number̃Dij = (a, b, c, d) with the membership function

µD̃ij (x) =


1 if a 6 x 6 b
(x − a + c)/c if a − c 6 x < a
(b + d − x)/d if b < x 6 b + d
0 if x > b + d or x < a − c

Step 0. LetX̃∗ = ∅ be the optimal solution set of the VI(X̃, f ).
Step 1. Solve the following system and then reformulate the VI(X̃, f ) into

GCP′(X̃, f ) (5), letD′ = [Aij ], x0 = 0 andb = 0.

Max 4A11+ 8A12+ 8A13− 212A2
11− 212A2

12− 212A2
13

s.t. 36 A11 6 8,9 6 A12 6 14,−96 A13 6 −3

Max 13A21+ 19A22+ 6A23− 440A2
21− 440A2

22− 440A2
23

s.t. − 66 A21 6 −1,06 A22 6 7,−56 A23 6 −2

Max − A31+ 20A32− 7A33− 312A2
31− 312A2

32− 312A2
33

s.t. 66 A31 6 12,0 6 A32 6 4,56 A33 6 10

Max 11A41+ 17A42− 4A43− 436A2
41− 436A2

42− 436A2
43

s.t. − 46 A41 6 0,36 A42 6 8,26 A43 6 7
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Therefore, D′ =


3 9 −3
−1 0.022 −2
6 0.032 5
0 3 2


Step 2. Solvef ((0, µX̃(0))) = D ′T(ν, µ′),−4

5
−1

 =
 3 −1 6 0

9 0.022 0.032 3
−3 −2 5 2



ν1

ν2

ν3

ν4


Then we can not find anyν = (ν1, ν2, ν3, ν4) > 0 that satisfies the above
equation.

Step 3. Solve the following system:

2s1 + 5s3
1 − s2+ 2s3 − 4= 0

−5s1 + s2+ s3
2 + 5= 0

3s1 − 2s2 + 2s3 − 1= 0

3s1 + 9s2 − 3s2 > 0

−s1 + 0.022s2 − 2s3 > 0

6s1 + 0.032s2 + 5s3 > 0

3s2 + 2s3 > 0

andµX̃(s
∗) = Mini {Mindis>0 Supdi s{Minj µD̃(Dij )}}. We use GINO to

solve the above nonlinear model, then no optimal solution is generated.
Step 4. Fork = 1 to 4, solve the system (9), then we find no optimal solution.
Step 5. Fork1 = 1 to 3, k2 = k1 − 1 to 4 solve the systems (9) and (10), then

whenk1 = 2, k2 = 4, we can find an optimal solution(x∗, µX̃(x∗)) =
((0.858,0.284,−0.426),0.16) ∈ X̃∗.

Step 6. Output the optimal solution setX̃∗ = {(x∗, µX̃(x∗)) : x∗ = (0.858,0.284,
−0.426), µX̃(x

∗) = 0.16}, STOP.

EXAMPLE 6.2. Let

X̃ = {Dx >∼0} =

 1 2 −1
−1 1 −3
1 1 1

 x >∼0


=
(x, µX̃(x) :

 1 2 −1
−1 1 −3
1 1 1

 x >
−1
−2
−1

 ,

f (x) =
2x1 + 5x3

1 − x2 + 2x3 − 4
−5x1 + x2 + x3

2 + 5
3x1 − 2x2 + 2x3 − 1

 , solve this VI(X̃, f ).
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Step 0. LetX̃∗ = ∅ be the optimal solution set of the VI(X̃, f ).
Step 1. Reformulate the VI(̃X, f ) into GCP′(X̃, f ) (5), thenD′ = D, x0 = (7/2,

−3,−3/2)T andb = (−1,−2,−1)T .
Step 2.

D
′−1 =

 2 −3/2 −5/2
−1 1 2
−1 1/2 3/2

 , then

ν̃T = f ((x0, µX̃(x0)))
TD

′−1 = ((−12,21/2,37/2), µ′) < (0, µ′). Hence
x̃0 is not the optimal solution.

Step 3. Solve the following system:

2(s1 + 7/2)+ 5(s1 + 7/2)3− (s2− 3)+ 2(s3 − 3/2)− 4= 0

−5(s1 + 7/2)+ (s2− 3)+ (s2− 3)3+ 5= 0

3(s1 + 7/2)− 2(s2 − 3)+ 2(s3 − 3/2)− 1= 0

s1 + 2s2 − s3 > 0

−s1 + s2− 3s3 > 0

s1 + s2+ s3 > 0

x = (x1, x2, x3) = (s1+ 7/2, s2 − 3, s3 − 3/2)

andµX̃(x) = Mini{µi(x)} where

µi(x) =


0 if d ′ix 6 bi
1− d ′ix/bi if 0 > d ′ix > bi
1 if d ′ix > 0

.

We use GINO to solve the above nonlinear model and obtain the optimal
solution(x∗, µX̃(x∗)) = ((0.994,−0.262,−1.178),0.554)∈ X̃∗.

Step 4. Fork = 1 to 3, solve the system (8), then we find no optimal solution.
Step 5. Fork1 = 1 to 2,k2 = k1 − 1 to 3 solve the systems (9) and (10), then we

find no optimal solution.
Step 6. Output the optimal solution setX̃∗ = {(x∗, µX̃(x∗)) : x∗ = (0.994,−0.262,

−1.178), µX̃(x
∗) = 0.554}, STOP.

EXAMPLE 6.3. Let X̃ = {x̃ : 5̃x1 + 1̃2x2 − 7̃x3>∼ 0̃, −4̃x1 + 3̃x2 − 5̃x3>∼ 0̃,
1̃0x1+ 2̃x2+ 8̃x3>∼ 0̃,−2̃x1+ 5̃x2+ 5̃x3>∼ 0̃, x = (x1, x2, x3) ∈ R3} =


5̃ 1̃2 −7̃
−4̃ 3̃ −5̃
1̃0 2̃ 8̃
−2̃ 5̃ 5̃

 x >

−5
−5
−2
−1


 ,
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D̃ =


5̃ 1̃2 −7̃
−4̃ 3̃ −5̃
1̃0 2̃ 8̃
−2̃ 5̃ 5̃

 =


(4,6,1,2) (10,13,1,1) (−8,−5,1,2)
(−5,−2,1,1) (2,5,2,2) (−4,−3,1,1)
(8,11,2,1) (1,3,1,1) (6,9,1,1)
(−3,−1,1,1) (4,7,1,1) (4,6,2,1)


and

f (x) =
2x1 + 5x3

1 − x2 + 2x3 − 4
−5x1 + x2 + x3

2 + 5
3x1 − 2x2 + 2x3 − 1

 , solve this VI(X̃, f )

Step 0. LetX̃∗ = ∅ be the optimal solution set of the VI(X̃, f ).
Step 1. Solve the following system and then reformulate the VI(X̃, f ) into

GCP′(X̃, f ) (5), letD′ = [Aij ],

b =


−5
−5
−2
−1


and solveD′x0 = b.

Max 4A11+ 8A12+ 8A13− 212A2
11− 212A2

12− 212A2
13

s.t. 36 A11 6 8,9 6 A12 6 14,−96 A13 6 −3

Max 13A21+ 19A22+ 6A23− 440A2
21− 440A2

22− 440A2
23

s.t. − 66 A21 6 −1,06 A22 6 7,−56 A23 6 −2

Max − A31+ 20A32− 7A33− 312A2
31− 312A2

32− 312A2
33

s.t. 66 A31 6 12,0 6 A32 6 4,56 A33 6 10

Max 11A41+ 17A42− 4A43− 436A2
41− 436A2

42− 436A2
43

s.t. − 46 A41 6 0,36 A42 6 8,26 A43 6 7

Therefore, D′ =


3 9 −3
−1 0.022 −2
6 0.032 5
0 3 2

 andx0 = (0.745,−0.221,1.749).
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Step 2. Solvef ((x0, µX̃(x0))) = D ′T(ν, µ′),
3.276

1.043
5.175

 =
 3 −1 6 0

9 0.022 0.032 3
−3 −2 5 2



ν1

ν2

ν3

ν4


Then we can not find anyν = (ν1, ν2, ν3, ν4) > 0 that satisfies the above
equation.

Step 3. Solve the following system:

2(s1 + 0.745)+ 5(s3
1 + 0.745)− (s2 − 0.221)+ 2(s3+ 1.749)− 4= 0

−5(s1 + 0.745)+ (s2− 0.221)+ (s2 + 10749)3 + 5= 0

3(s1 + 0.745)− 2(s2 − 0.221)+ 2(s3 + 1.749)− 1= 0

3s1 + 9s2 − 3s3 > 0

−s1 + 0.022s2 − 2s3 > 0

6s1 + 0.032s2 + 5s3 > 0

3s2 + 2s3 > 0

andµX̃(s
∗) = Mini {Mindis>0 Supdis{MinjµD̃(Dij )}}. We use GINO to

solve the above nonlinear model, then no optimal solution is generated.
Step 4. Fork = 1 to 4, solve the system (8), then we find no optimal solution.
Step 5. Fork1 = 1 to 3, k2 = k1 − 1 to 4 solve the systems (9) and (10), then

whenk1 = 2, k2 = 4, we can find an optimal solution(x∗, µX̃(x∗)) =
((0.204,0.164,−0.246),0.16) ∈ X̃∗.

Step 6. Output the optimal solution setX̃∗ = {(x∗, µX̃(x∗)) : x∗ = (0.204,0.164,
−0.246), µX̃(x

∗) = 0.33}, STOP.

7. Summary and conclusion

In this study, we proposed an approach to solving variational inequality problems
with fuzzy convex cone from the concepts of multiple objective programming and
fuzzy set theory. With different classes of fuzzy convex cones, the fuzzy optimal
solution sets were derived. An algorithm was developed to find the optimal fuzzy
solution set for general case, and the computational complexity of linear case is
polynomial. Theoretical evidences were illustrated by numerical examples.
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